A class of exact Wightman functionals satisfying all fundamental physical requirements in an arbitrary number of space-time dimensions, which bear the appearance of describing interacting elds, was recently constructed by C. Read 1]. It is shown here, that the construction can be considerably generalized, and that even the enlarged class belongs to the Borchers class of a system of generalized free elds.
Introduction
Ever since Wightman's formulation of the axioms 2] to be satis ed by the collection of n-point functions of local quantum elds, there has been a discomforting lack of models. Apart from models with polynomial interaction in two and three space-time dimensions, there are essentially only constructions based upon free elds and generalized free elds 3] available. These constructions involve Wick polynomials of derivatives of a given eld, as well as so-called p-and s-products 4] (i.e., pointwise products resp. sums of independent elds in di erent Hilbert spaces). Although one can easily produce nonvanishing truncated Wightman functionals, such models do not describe interacting particles.
We recall the well-known list of axioms for a hermitean scalar eld, referring to the standard literature 2] for the precise formulation: Positivity and Hermiticity permit to reconstruct a Hilbert space containing the cyclic vacuum vector, and an (in general unbounded) hermitean eld (f) on this Hilbert space whose vacuum correlation functions are given by the Wightman functional. Poincar e Invariance of the Wightman functional ensures the invariance of a vacuum vector along with the Poincar e covariance of the reconstructed eld. The Spectrum Condition and Cluster Property ensure the positivity of the energy spectrum and the uniqueness of the vacuum. Finally, Locality expresses the commutativity of eld operators (f) smeared in causally disconnected regions of space-time.
In a recent paper 1], a new class of solutions was presented which satisfy all Wightman axioms in any number of space-time dimensions. The models are based on Feynman-like rules without at the same time being perturbative; instead, every n-point function is obtained as a sum over nitely many graphs. Some of the free input parameters of the models play a similar role as coupling constants in ordinary Feynman rules (although it will become clear in the course of this communication that they rather determine the structure of the eld as a Wick polynomial), while the remaining parameters serve as appropriate cuto s to ensure convergence of all sums and integrals involved. Unlike regulators in perturbative approaches, these cuto s need not be removed in the end. They comprise a smooth space-time cuto function, a mass distribution in a nite mass interval, and a numerical limitation of the number of vertices.
In the present contribution, we intend to shed new light onto these models. It is found that the class of models 1] can be considerably extended by a generalization which essentially makes the \interaction polynomial" obsolete. We shall then reduce the entire construction to Wick products of generalized free elds, and discuss aspects of the sharp mass limit of the extended class of models in comparison with the original class.
A quick review of the original construction
The structure of the n-point functions W n (f 1 ; : : :; f n ) h ; (f 1 ) (f n ) i dg dp ( 
? r!a r v (q; gp) ; (2) where the sum extends over a class of \banded graphs". A banded graph is a (possibly disconnected) graph which contains one connected subgraph (\band graph" or simply \band") for every eld entry (f i ) in (1) such that the sets V i of vertices of the n bands are disjoint and exhaust all vertices of the full graph; every band has a distinguished \external" vertex of degree 1. The internal vertices are of degree 2 r R for some nite number R. In each band the number s i of vertices is limited by some nite number S, and the vertices are labelled 1; : : :s i . Inequivalent labellings of the vertices of the same abstract graph are considered as di erent banded graphs to be summed over. The banded graph has no external lines and no edges connecting a vertex with itself.
Edges which connect vertices of the same band will be called \domestic"; they are oriented from the vertex with lower ordinal number to the vertex with higher ordinal number; if a domestic edge connects to the external vertex of the band, then it may carry both orientations. This restriction on the orientations of domestic edges in 1] seems not really to be necessary. We view it as another model input parameter.] Edges which connect vertices of di erent bands will be called \interband"; they are oriented 2 from the band with lower ordinal number to the band with higher ordinal number. The integration rules are the following.
(i) Associated with every domestic edge e 2 E dom is a momentum variable q 2 IR d;1 , to be integrated over with the measure dq (q 0 )j'(q)j 2 , where is the Heaviside step function for the energy, and j'(k)j 2 = (k 2 ) j^ (k)j 2 consists of a smooth mass distribution with support in the mass interval m 2 0 k 2 m 2 1 where 0 < m 0 < m 1 , and the square modulus of the Fourier transform of a real space-time cuto function (x) in the Schwartz space S(IR d+1 ) (i.e., smooth and all derivatives decaying faster than any power of the arguments).
(ii) Associated with each interband edge e 2 E inter are a momentum variable p 2 IR d;1 and a group variable g 2 L which runs over the four connected components of the full Lorentz group. These variables are integrated with the measure d (g; p) = dg dp (p 0 )j'(gp)j 2 involving the right invariant Haar measure dg on L. We notice that the variables g enter only in the combination gp; thus e ectively, the group integrations extend only over the Lorentz boosts and the time inversion in the rest frames of the momenta p. One may normalize to unity the redundant integral over the compact stabilizer group O(d) of p, and therefore ignore it.
(iii) The combinatorial weights G inter ! and G i;dom ! are given by (iv) The integrand contains a \coupling constant" r!a r for every internal vertex of degree r along with a momentum conservation delta function for the momentum ow at that vertex involving the domestic momenta q and the Lorentz transformed interband momenta gp.
(v) Finally, the momentum transfer at each band is given by P = P p] = P out p ? P in p, where the sums refer to all interband momenta owing out of the band, resp. into the band. There contributes to the integrand a factorf i (P i ) for every band, wheref i are the Fourier transforms of the real test functions f i 2 S(IR d+1 ). It is worth noting that the momentum transfer of the eld operators (involving the interband momenta p) is decoupled from the momentum ow within a graph (involving the transformed momenta gp and the domestic momenta q).
The rapid decay of the integrand along with the momentum conservation delta functions guarantees that every integral in (2) converges absolutely. Due to the limitations S of the number of vertices per band and R of the degree of vertices, there are only nitely many di erent banded graphs, so the functional (2) is well de ned. It is evident that it is translation invariant since the arguments of the test functions sum up to zero, P i P i = 0. It is invariant under the orthochronous Lorentz group L " since for 2 L " the change of integration variables p 7 ! p, g 7 ! g ?1 and q 7 ! q takes the functional (2) into its Lorentz transform. We note here that the domestic variables q, being coupled by momentum conservation to the Lorentz invariant variables gp, may also be considered as Lorentz invariant. This explains why the momentum cuto does not violate Lorentz invariance: it a ects only Lorentz invariant variables.
The spectrum condition is satis ed since for every j n, the sum of momentum transfers
The uniqueness of the vacuum will become apparent later when we identify the Hilbert space.
The axiom with the most unprecedented realization in the new models is Locality. We shall limit ourselves here to the simple core of the exact but tedious argument given in 1]. Namely, we shall discuss the commutativity of (f) and (f 0 ) when f and f 0 are delta functions at space-like separated points x and x 0 2 IR d;1 . Although these are not a priori admitted as test functions (the convergence argument given in 1] will fail for such functions), we may argue as follows for the validity of the simpli ed argument: Given the spectrum condition and Poincar e invariance, it is a standard result 2] that at the Jost points where all coordinates are space-like separated, the Wightman distributions are in fact functions. By the Reeh-Schlieder theorem cite2, it is then su cient to test the commutativity of (x) and (x 0 ) within Wightman functions at Jost points.
Consider therefore the change in the sum (2) where : : : stands for further factors and dependences on other variables common to both contributions to W n resp. W 0 n , and independent of (g; p) . By the change of integration variables (g; p) 7 ! (gT; Pp) where T resp. P are the time resp. space inversion in the given Lorentz frame, the integrands are transformed into each other (note that the cuto function is real, hence^ (k) =^ (?k), so j'(gp)j 2 is invariant under gp 7 ! ?gp). This with the measure d (g; p) = dg dp (p 0 )j'(gp)j 2 . More precisely, every band subgraph with out resp. in interband edges owing out of resp. into it, and \bypassing" interband edges owing from some lower band to some higher band, corresponds to a kernel interpolating from the (m = out + )-\particle" subspace F m H m to the (n = in + )-\particle" subspace F n H n . As a kernel, it is a function of m pairs of variables (g; p) to be integrated (with the measure d ) with the variables of a wave function in F m (\annihilation part"), and n free pairs of variables (g; p) (\creation part"). It is given by the expression in square brackets in (2) which is a function of the integration variables (g; p) out and (g; p) in associated with the out-and ingoing interband edges, while the bypassing edges contribute as delta function kernels (g; g 0 ) (p?p 0 )=j'(gp)j 2 . (Note that every application of an integral kernel operator in H or F(H) involves the integral measure d (g; p) = dg dp (p 0 )j'(gp)j 2 , so one has not to worry about denominators.)
A careful analysis of the combinatorics reveals that actually every eld operator in (1) arises as a nite sum of integral kernels, sandwiched between the completely symmetrizing projection operator = L n n onto the symmetric Fock space F + (H) = F(H). Namely, let (k) in resp. (k) out denote two collections of in ingoing resp. out outgoing momentum variables, and let the functions K in out ((k) in ; (k) out ) be given by the domestic integrals summed over all band graphs with these variables assigned to the given number of in-and outgoing external lines:
? r!a r v (q; k) (4) as read o eq. (2 out + : (6) We shall refer to the functions (4) as the \reduced kernels". They are symmetric in both their in-and outgoing sets of variables. They encode the entire dependence of the model on the choice of the constants a r (r R) and the number S (limiting the number of graphs), as well as the previously mentioned restriction on the orientations of domestic edges. Since the remaining input parameters determine the integral measure of the Hilbert space H, the model is now speci ed by the reduced kernels K in out and the measure d .
The assertion that the prescriptions (2) and (4{6) produce the same Wightman functional is the central claim of this section. Since it is essential for the rest of the paper, we formulate it as a Lemma.
5
Lemma. Let the elds (f) be represented as integral kernels (4{6) on the symmetrized Fock space F + (H). Let the vacuum vector be represented by the number 1 2 C F 0 F + (H). Then the vacuum correlations of (f) coincide with eq. (2).
Proof: A vacuum correlation of n operators (f i ) is a sum over single band graphs contributing to every reduced kernel (4) and therefore to (5) , and over single permutations contributing to the symmetrizing projections in (6) . Every such contribution clearly corresponds to a banded graph contributing to the sum (2), and vice versa. However, the correspondence is not always one to one. What remains to be checked is that multiple counting and numerical coe cients according to eqs. (4{6) together produce the correct combinatorial weights (G inter ! Q i G i;dom !) ?1 as in (2) . The domestic factors are explicitly present in (4) and need not be considered any longer.
At this point, in order to get the global factor 1=G inter !, it is crucial that the sum (2) extends over all inequivalent labellings of the vertices of the banded graphs, while the sum (6) extends over all inequivalent labellings of the vertices and external lines of the band graphs.
We start with a two-point function and consider a banded graph G contributing to (2) Since the symmetrizing projection operator between the two kernels contributes a weight 1= ! for each permutation, and the explicit numerical coe cients in (6) contribute another factor ( p != !) 2 = 1= ! to the two-point function, the weight of each term is 1=( !) 2 and the combinatorial weight as in (2) is reproduced.
Now let the vertices of the abstract band graphs G i possess some symmetry groups S i and let S S 1 S 2 be the symmetry group of the vertices of G. Then one may sum in (2) over all labellings of the internal vertices of G 1 and over all labellings of the internal vertices of G 2 independently, if one includes a correction factor 1=jSj for overcounting of banded graphs. Similarly, one may sum in (4) over all labellings of internal vertices and over all labellings of external lines independently, if one includes a correction factor jS i j for each of the two kernels. On the other hand, the counting of inequivalent contractions of two band graphs with labelled vertices and external lines which give rise to the same banded graph with unlabelled interband edges provides an additional multiplicity factor jS 1 S 2 =Sj which cancels the correction factors for overcounting. We conclude that for two-point functions, the prescriptions (2) and (4{6) produce the same combinatorial weights.
Turning now to higher n-point functions, we repeat the previous reasonings with the obvious generalization. The total number of contractions of band graphs G i (i = 1; : : :n) contributing to (4) which give rise to the same banded graph G is found to exceed the expected weight 1=G inter ! by the factor Q i i in ! i out ! where i in and i out are the number of in-and outgoing interband edges of G i . This factor is cancelled by the corresponding factors in the denominators of the numerical coe cients in (6) . The square root numerators of the latter (which arise twice each) are compensated by the weights 1=( + )! of each permutation within the projections + between two kernels, while the remaining factors 1= ! in the denominators of (6) 
ensures that h ; (f) i = h (f) ; i for ; 2 D , i.e., is a hermitean eld. 3. An enlarged class of local Wightman elds
We make the following crucial observation. As was remarked before, the elds (f) are completely speci ed as operators on F + (H) by the reduced kernels (and the measure)
while it is irrelevant how these kernels were produced by domestic integrals over band graphs. One may indeed choose a sequence of reduced kernels as the primary model input.
None of the arguments for Finiteness, Positivity, Translation Invariance, Lorentz Invariance and Spectrum Condition along with the Cluster Property is a ected if one replaces the reduced integral kernels K in out ((k) in ; (k) out ) given by (4) by arbitrary smooth polynomially bounded functions of the respective in-and outgoing variables k = gp, and de nes (f) by (5) and (6) . Since the kernels only act between symmetrizing projections, these functions may be chosen symmetric in both of their two sets of variables. Furthermore, the argument for Hermiticity of (f) is una ected provided the reduced kernels satisfy the condition (7) above. These assertions are obvious except, maybe, the one concerning Finiteness, for which we refer to the estimate (11) in the Lemma below.
Finally, the above simpli ed argument for Locality remains una ected when in (3) the delta functions due to each band (integrated over the domestic variables) are replaced by the respective reduced kernels, provided
where indicates the union of the respective sets of variables. (The reduced kernels (4) have this symmetry.) Namely, when K resp. K 0 refer to the reduced kernels due to the eld entries (x) resp. (x 0 ), then in a typical contribution to W n products of reduced replace the delta functions in (3b). As before in Sect. 2, the dots indicate dependences on other variables which are common to both contributions. With the same change of the integration variables (g; p) as before, the crossing symmetry (8) ensures W n = W 0 n . In view of the two conditions (7) and (8), it is su cient to specify a terminating (in order to guarantee temperedness of the ensueing distribution) sequence F (F (k 1 ; : : :; k )) 2IN of smooth polynomially bounded symmetric functions satisfying F (k 1 ; : : :; k ) = F (?k 1 ; : : :; ?k ) (9) (i.e., the Fourier transforms of real functions). We shall call functions satisfying (9) \hermitean". Then the reduced kernels
satisfy the conditions (7) and (8).
The reduced kernels (10) inserted into (5) and (6) de ne a manifestly nite hermitean scalar local Wightman eld F . Due to the Lemma above, this class of elds extends the class constructed in 1].
The preceding arguments apply also without substantial change to mixed Wightman functionals with eld entries F (i)(f i ) speci ed by di erent sequences F (i) of reduced kernels. The following conclusion is immediate.
Corollary: Every terminating sequence F = (F (k 1 ; : : :; k )) 2IN of (smooth polynomially bounded symmetric) hermitean functions de nes, upon insertion of the reduced kernels (10) into (5) and (6) 
Thus, for each test function, the assignment F 7 ! F (f) is weakly continuous on the joint Wightman domain D.
Proof: Every correlation of eld operators in the vacuum state is a nite sum of integrals of the form Z Y dp (p 0 )
such that each momentum gp enters precisely one of the reduced kernels
as an ingoing (creation) variable, and another one as an outgoing (annihilation) variable.
The g-integrals over products of reduced kernels with the measure dg j'(gp)j 2 can be estimated, by repeated use of the Cauchy-Schwarz inequality, by the product of the corresponding nite L 2 -norms of the reduced kernels. The latter are functions of the involved p 2 only, and can in turn be estimated by the supremum over the mass interval m 0 ; m 1 ], i.e., the norms given by (12). After these crude estimates, which are common to all terms in the sum, the remaining p-integrals of the form R ?Q dp (p 0 ) Q if i (P i p]) still converge absolutely due to the decay of the test functions 1]. Summing all these integrals yields the constants C ( i ) .
Reduction to generalized free elds
Let us now study some elementary cases, starting with elds of order 1 which we denote by ' F with F 1 (k) = F(k) a hermitean polynomially bounded smooth function. These comprise the elds in 1] when all \coupling constants" vanish, or when S = 0, hence every band graph has only its external vertex of degree 1 and F 1 (gp) = 1. One nds that h ; ' F 0 (f 0 )' F (f) i = Z dp ( 
The generalized free elds for di erent functions F are in general not independent, i.e., their correlations (13) (12)) in the space of hermitean polynomially bounded smooth functions on M. Since ' k 2 F (f) = ' F (? f), it follows from (11) that the countable family of independent generalized free elds ' = ' F has a Wightman domain which is dense in the Hilbert space generated from the vacuum by all order 1 elds ' F . The next case is an order eld with F a constant function. One nds that
is just a Wick power of the generalized free eld ' F=1 of order 1. Similarly, if F is the symmetrized tensor product of single variable hermitean functions F (k 1 ; : : :
10 then the associated eld F of order is the Wick product
of the generalized free elds ' i = ' F (i) of order 1. It is not very di cult to prove (16) and (18) by verifying that the combinatorics of the integral kernels produces precisely the products of two-point functions required by Wick ordering. Namely, every factor in (17) arising in a creation kernel will be eventually integrated with another such factor in an annihilation kernel, yielding a two-point function with mass distribution of the form (15), while the numerical coe cients in (6) cancel against the combinatorial factors due to symmetrization. Now, every symmetric hermitean function F in variables can be approximated (in the topology (12)) by real linear combinations of symmetrized tensor products of hermitean functions in one variable. We conclude:
Corollary: The elds F of order 1 form a countable system of generalized free elds '. The elds F of order are approximated (in the sense of the Lemma of Sect. 3) by homogeneous real Wick polynomials :P('): of degree in the latter.
The vacuum vector is cyclic in the Hilbert space H := D F + (H) with respect to the elds of order 1, which consequently act irreducibly in H.
Conclusion and discussion
We can now apply the classical results in 5] to conclude that the new elds F , and in particular the elds constructed in 1] which are nite sums of elds F of order , (R ? 1) S , belong to the Borchers class of the countable system of generalized free elds de ned by their two-point functions (13). (As a reminder: the Borchers class of an irreducible eld 0 consists of all elds on the same Hilbert space which are relatively local with respect to 0 , and which are therefore automatically relatively local with respect to each other.) For elds with a sharp mass (such that the scattering matrix is de ned), coincidence of the Borchers class implies coincidence of the scattering matrix 5].
Let us therefore insert a remark concerning a limit of sharp mass m 1 &m 0 which is desirable for a particle interpretation. Note, however, that scattering aspects of elds without a sharp mass were also considered in, e.g., 6]. In the original class of models 1], the naive limit attained by sharpening the bare mass distribution (m 2 ) is severely obstructed since due to the momentum ow conservation involving both domestic and interband momenta there will always occur powers of several measure factors j'(q)j 2 at the same argument in the integrands (e.g., in two-point functions the domestic momenta associated with the edges connected to the external vertices coincide due to momentum conservation, but are independently integrated; the problem will be aggravated whenever the coupling a 2 6 = 0). In order to keep the highest of such powers regular in the sharp mass limit, all the lower powers must become suppressed, so the limiting Wightman functional will consist of products of two-point functions only and one ends up with a free eld. Apart from this obstruction, every contribution from the cubic coupling a 3 will die out exactly as soon as m 1 < 2m 0 , due to momentum conservation at the triple vertex.
On the other hand, no such obstruction prevents us in the enlarged class of models F from sharpening the measure (m 2 ) independently from the cuto function and the reduced kernels F . The singularity obstruction is absent since there are no domestic integrations, and the latter e ect is absent since there is no momentum conservation at the kernels for the integration variables p or gp. However, as we have seen, in the limit (m 2 ) ! (m 2 ? m 2 0 ), the system of generalized free elds will become a countable family of independent Klein-Gordon elds ' m 0 , and the limiting elds F will be Wick polynomials therein.
To summarize the previous remarks, we have found that although the sharp mass limit is much more exible within the enlarged class of models, the limiting elds will belong to the Borchers class of a countable family of massive free elds, and hence will not describe scattering 5]. Even if it remains to be clari ed in which precise sense the corresponding conclusion is true for generalized free elds, in view of our results of Sect. 4 we do not share the optimism expressed in ref. 1] that the new elds might describe interaction as long as the mass remains smeared. However, the approach of ref. 1] , and in particular the surprising mechanism which restores locality upon integration over the \inner degrees of freedom" associated with the Lorentz group, might well contribute some new and interesting stimulations to constructive quantum eld theory.
